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An approximate calculation method is descr ibed for an unsteady laminar  boundary layer  in 
an incompress ib le  liquid. The method is based on the integration of a "universal"  equation. 

Several  invest igators  have applied the pa rame t r i c  method of Loitsyanskii  [1] to problems involving an 
unsteady laminar  boundary layer  in an incompress ib le  liquid [2-4]. The case  treated in [2, 3] was that in 
which the velocity at the outer  boundary of the boundary layer  is wri t ten as the product  of two functions, 
one of which depends on the longitudinal coordinate while the other  depends only on the time. The solution 
in [4], on the other hand, which holds for  an a r b i t r a r y  velocity function, incorporates  a depar ture  from 
r igor  (justified only indirectly) involving the absence of a compatibil i ty condition for the equations for 
the t r ansve r se  scale in the boundary layer.  Below we descr ibe  a pa ramet r i c  calculation method for an 
unsteady laminar  boundary layer  based on a "universal"  equation which is valid for a broad c lass  of ve loc i -  
ties at the outer  boundary of the boundary layer.  

The s t ream function r for a plane, unsteady, laminar  boundary layer  in an incompress ible  liquid is 
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Here and below, the pr ime and dot denote part ia l  der ivat ives  with respec t  to x and t, respect ively.  Re-  
wri t ing (1) in t e rms  of the new var iables  

By B ,  (x, V, t) 
x = x ,  t = t ,  ~ , q'(x, q, t):= , (2) 
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where B is a normal izat ion constant; and h(x, t) is a scale t r ansverse  l inear dimension in the boundary 
layer ,  we find (z = h2/v): 
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The boundary  cond i t ions  in t e r m s  of the v a r i a b l e s  x and t [the l a s t  l ines  in Eqs.  (1)] a r e  used only in 
the l a s t  s t ep  of the solut ion.  

We a l s o  in t roduce  a m o m e n t u m  equat ion  f o r  the uns teady  bounda ry  l a y e r :  

1 06" (] 6"~ 06"* U' 
U Ot U 2 Ox i U (26"*-~- 6") =: t~ 

PU~ ' (4) 

0 0 

0U y=O' (5) 

We c o n s i d e r  the d i m e n s i o n l e s s  c h a r a c t e r i s t i c  func t ions  

5" 1-1"* (x, t) -- 6"* %h H*(x, t ) -=- -~- ,  h ' ;(x, t) = ~d~-; (6) 

Using (5) and (2), we  w r i t e  t hese  func t ions  a s  
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The d e r i v a t i v e s  in (4) can  be w r i t t e n  

05" h OH * _  85** OH** 
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We in t roduce  the s e r i e s  of p a r a m e t e r s  

fk. = Uk-1 Ok+"U z ~+" (&, n = 0, 1, 2 . . . .  ) (9) 
OxkOt n 

and the cons t an t  p a r a m e t e r  

g = z = const, (10) 

w h e r e  this  cons t an t  can  take on v a r i o u s  va lues .  The se t  of  these  independent  p a r a m e t e r s  r e f l e c t s  the na tu re  
of  the ve loc i t y  change  in the e x t e r n a l  f low and,  in i n t e g r a l  f o r m  (through z and z),  the h i s t o r y  of the m o t i o n  
in the bounda ry  l aye r .  Us ing  these  p a r a m e t e r s  we can  t r a n s f o r m  d i f f e r en t i a l  equa t ion  (3) to a u n i v e r s a l  
f o r m  in the s e n s e  tha t  ne i t he r  the equa t ion  i t s e l f  not i t s  boundary  condi t ions  depend exp l ic i t ly  on U(x, t); 
we can  w r i t e  the so lu t ion  of the  equat ion  in the f o r m  

o r ,  f o r  the s t r e a m  funct ion 

U --d901, fk~, g), (11) 
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The u n i v e r s a l  equa t ion  can  be d e r i v e d  in the fol lowing m a n n e r :  t r a n s f o r m i n g  to the new independent  
v a r i a b l e s  ~?, fkn in Eqs.  (3) and (4), a f t e r  f i r s t  c a l cu l a t i ng  the d e r i v a t i v e s  in t hem,  we  find 

Ox Ofh ~ Ox 
k,n~O 
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The d e r i v a t i v e s  of the p a r a m e t e r s  wi th  r e s p e c t  to x and t in these  equat ions  a r e  ca lcu la ted  by d i f -  

f e ren t i a t ing  (9). We find 
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H e r e  D(fkn; Uz ' )  and E(fkn; g) denote the quant i t ies  in the c o r r e s p o n d i n g  b r a c k e t s  in the r e su l t i ng  equat ions .  
Us ing  (9), (10), (13), and (14), we can r e w r i t e  (3) as  
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To e a s t  this equat ion in un ive r sa l  f o r m  we e l imina te  the quanti  W Uz '  by m e a n s  of  m o m e n t u m  e q u a -  
t ion (4), wh ich  we t r a n s f o r m  in the fol lowing m a n n e r :  a f t e r  the t r a n s f o r m a t i o n  to the new v a r i a b l e s ,  the 
quant i t ies  H*, H**, and ~ in (7) b e c o m e  funct ions  of  the p a r a m e t e r s  fkn and g alone.  Then,  c a r r y i n g  out 
t r a n s f o r m a t i o n s  ana logous  to (13) in (8), a long with s o m e  o the r  s t r a i g h t f o r w a r d  manipu la t ions ,  we reduce  
m o m e n t u m  equat ion  (4) to the f o r m  
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F r o m  Eq. (16) we find 
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Now using (17) we can  r e w r i t e  (15) as  
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w h e r e  ~o001) is the Blas ius  solut ion fo r  a s t e a d y - s t a t e  boundary  l a y e r  on a plate.  

The r e su l t i ng  equat ion and the boundary  condi t ions  do not conta in  U(x, t) expl ic i t ly  and in this sense  
a r e  " u n i v e r s a l "  This  equat ion is exac t  f o r  a b road  c l a s s  of  ve loc i t i e s  U(x, t), fo r  which  z = At + C(x), 
w h e r e  A is  an a r b i t r a r y  cons tan t  and C(x) is s o m e  funct ion of  the longitudinal  coord ina te .  This l a t t e r  d e -  
pendence  c o r r e s p o n d s ,  in p a r t i c u l a r ,  to that, h ~ r  which  is  c u s t o m a r i l y  used in the "exac t"  solution.  
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Equation (18) can  be integrated in the m - p a r a m e t e r  approximat ion  once and for  all. The resul t ing  
c h a r a c t e r i s t i c  functions can be used to find an approx imate  solution for  p rob l ems  involving an a r b i t r a r y  
specif ied veloci ty  U(x, t), exp re s sed  in t e r m s  of a sufficiently smooth function. 

Before  in tegra t ing we should choose some typical  value as the sca le  value of the t r a n s v e r s e  coordinate  
h(x, t) in the boundary layer .  In our  case  it is convenient  to se t  h = 5**; then according  to (6) we have H** 
= 1 and H* = 6 " / 6 " *  = H, and Eq. (17) becomes  

I ,2 F(f1,,,; g ) = U z ' =  2 ~ - - f ~ o ( 2 - - H ) - - ( f o ~ - ' z g / 2 ) H - -  E(fh,,; g) OH . (19) 
k ,n~O 

In the case  of a s t eady- s t a t e  boundary l aye r ,  in which all  the unsteady p a r a m e t e r s ,  including g, 
vanish ,  Eq. (18) with (19) becomes  the un iversa l  equation given by Loi tsyanski i  [1]. 

Equation (18) was solved in the local ly t h r e e - p a r a m e t e r  approximat ion;  the p a r a m e t e r s  fl0, f0t, and g 
w e r e  re ta ined ,  while the o ther  p a r a m e t e r s  and the de r iva t ives  with r e s p e c t  to al l  p a r a m e t e r s  fkn were  
d iscarded .  In this ca se  Eq. (18) is  

d(p q) 0 at q = 0, d(p - -  ---~" 1 a s  ~] - - ~  o o ,  
dq dq 

(20) 

- % ( q )  for r i o = f o x = g = 0 ,  

where  ~o0(~) is the Blas ius  solution for  a s t eady- s t a t e  boundary layer  on a plate.  In fact ,  if  we set  fl0 = f01 
= g = 0, we find that (20) becomes  

,d3% ~o d2q)o 
% = 0, 

dIl3 : B ~ d~l 2 

and if we set  132 = ~0, it becomes  the f ami l i a r  131asius equation. It follows that the normat iza t ion  constant  
m u s t  be 13 = 0.47. 

The functional F in Eq. (20) is calculated in this approximat ion  on the bas i s  of Eq. (19); speci f ica l ly ,  
we use the equation 

F ([10; [01i g) = Uz' = 2 [~- -  flo (2 + H) - -  (f0t :-  g/2) HI. (21) 

In in tegrat ing Eq. (20) on a 13ESM-2 compute r ,  we use the pivotal  condensation method with i t e r a -  
tions. F igure  l a  and b i l lus t ra te  the r e su l t s  with plots  of the c h a r a c t e r i s t i c  functions ~, F,  and H as  
functions of the p a r a m e t e r  fl0 fo r  ce r t a in  values  of the p a r a m e t e r s  f0t and g. It follows f rom these curves  
that the posit ion of the f low-separa t ion  point is a s t rong function of the magnitude and sign of the uns teady-  
s ta te  p a r a m e t e r  f01, which is a m e a s u r e  of the re la t ive  local acce le ra t ion  in the ex te rna l  flow of the bound- 
a ry  layer .  As the pos i t ive  acce l e ra t ion  is i nc reased ,  the poss ibi l i ty  for  the occur rence  of separa t ion  in the 
d ivergent  region d e c r e a s e s ;  on the o ther  hand, at la rge  negative acce le ra t ions ,  separa t ion  of the boundary 
l aye r  can occur  at  the plate and even in the convergent  region. The influence of the p a r a m e t e r  g on the 
c h a r a c t e r i s t i c  functions ~ in H is sl ight,  evident only in the separa t ion  region. As the p a r a m e t e r  g in -  
c r e a s e s ,  the f r ic t ion  i n c r e a s e s ,  and the region of s e p a r a t i o n - f r e e  flow expands. In the case  of an a r b i -  
t r a r y  unsteady motion of the object ,  with f0t ~ 0 and g ~ 0, the c h a r a c t e r i s t i c s  of the boundary l ayer  a re  
governed p r i m a r i l y  by the p a r a m e t e r  f0i. 

In solving a specif ic  p rob lem with a specif ied veloci ty  dis t r ibut ion U(x, t) at the outer  boundary of 
the boundary l aye r ,  we should use momen tum equation (19) in the locally t h r e e - p a r a m e t e r  approximation.  
The functional F(ft0; f0t; g) is given by Eq. (21); according  to the resu l t s  of the integrat ion which is c a r r i e d  
out once and for  all  in this approximat ion ,  this functional can be approximated  by the function 

F -= a 1 ~ ao.fxo -i- aafol J- a~g, (22) 

whe re  the coeff ic ients  a t ,  a2, a3, and a 4 a r e  in turn functions of the p a r a m e t e r s .  Using the expres s ions  for  
the p a r a m e t e r s ,  and using (22), we wri te  (21) as 

Uz' - - a g  a~U' ' a~--U--  - -  z @ - a l .  
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Fig.  1. a) Reduced  f r i c t ion  coef f i c i en t  and c h a r a c t e r i s t i c  funct ion 
as  funct ions  of  the p a r a m e t e r s  fl0 and g fo r  a cons tan t  va lues  of  the 
p a r a m e t e r  f01 = 0.1; b) as  funct ions of  the p a r a m e t e r s  fl0 and f01 fo r  
a cons tan t  value g = 0.05. 

A c c o r d i n g  to the las t  l ines  in s y s t e m  (1), the boundary  and ini t ia l  condi t ions  fo r  Eq. (23) a r e  

z = z  o(t) at x - = x o ,  

Z ~ Z 1 (X) a t  l - ll. 
(24) 

Equat ion (23) is non l inear ,  so that ,  in g e n e r a l ,  it m u s t  be solved approx ima te ly .  Howeve r ,  if the 
va lues  of the p a r a m e t e r s  a r e  sma l l ,  we can  use  Eq. (22) to a p p r o x i m a t e  the uns teady funct ional  F by a 
l i nea r  funct ion with the fol lowing coef f i c ien t s :  

a t = 0 . 4 4 ,  a.2 -- - -  5.35, a 3 = - - 1 . 6 5 ,  a ~ = - - 2 . 1 .  

The coef f i c ien t s  a r e  ca lcu la ted  as  the a v e r a g e  va lues  o v e r  the p a r a m e t e r  r a n g e s ,  - 0 . 1  _< f01 -< 0.1 and - 0 . 2  
_< g _< 0.2 and o v e r  the range  of  fl0 f r o m  its value at the s epa ra t i on  point  to its value at F = 0. The dev ia -  
t ion of  the coe f f i c i en t s  f r o m  the i r  a v e r a g e  va lues  in these p a r a m e t e r  r anges  does not exceed  3-12%. Then 
Eq. (23) b e c o m e s  l inea r ,  and it b e c o m e s  a s imp le  m a t t e r  to solve this equat ion,  d e t e r m i n e  z (x, t) and 
z (x, t), and find the p a r a m e t e r  va lues  

U 
fi0 (x, t) = u %  f0, (x, 0 = - 5 -  z, g (x, f) = 

corresponding to the specified velocity U(x, t). Then the reduced friction ~ can be found by means of tables, 
graphs, or the approximating function ~ = ~(f10; f01; g). 

We note that refinement of the solution of this problem involves solving a nonlinear equation; further- 
more, the refinement requires a more rigorous determination of the characteristic functions. This can be 
achieved by integrating Eq. (18), retaining the derivatives with respect to the parameters fi0 and f0I, and 
then, if the computer memory permits, retaining the derivatives with respect to the subsequent param- 
eters in the series f kn" However, satisfactory results can be achieved on the basis of the linearized equa- 
tion and by taking into account only the first parameters in the local approximation, as in the case of a 
steady-state boundary layer [1]. The following concrete examples verify this assertion. 

We consider the flow of a viscous liquid around an infinite plane, which is abruptly put into motion at 
a velocity U (the Rayleigh problem). For this case Eq. (27) becomes 

dz 
2. I = 0.44, 

dt 

f r o m  which  we find the p a r a m e t e r s  of  this p r o b l e m  to be fl0 = f01 -- 0 and g -  0.21. Now, us ing  avai lable  t ab les  
o r  g r a p h s ,  and c o n v e r t i n g  to h = 5*, we can  ea s i l y  d e t e r m i n e  the r educed  f r ic t ion :  ~ = 0 ( u / U ) / 0  {y /5*)  ly=0 
-- 0.637. F o r  c o m p a r i s o n ,  Table  1 shows the r e s u l t s  of the fol lowing so lu t ions :  the exact  so lut ion [5]; the 
a p p r o x i m a t e  s i n g l e - p a r a m e t e r  so lu t ions  of  Roz in  [6], in which  the exac t  H a r t r e e  solut ions  (for a s t e a d y -  
s ta te  boundary  layer )  o r  Wa t son  so lu t ions  (the f i r s t  app rox ima t ion  of  the p rob l em of the deve lopmen t  of 
the boundary  layer )  a r e  used to ca lcu la te  the c h a r a c t e r i s t i c  funct ions ;  the a p p r o x i m a t e  solut ion of Yang 
[7]; and,  f ina l ly ,  the a p p r o x i m a t e  solut ion of S t ruminsk i i  [8], who gene ra l i z ed  the Poh lhausen  method  
to the c a s e  of  uns teady  mot ion.  
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TABLE 1. Values of the Reduced Fr ic t ion  on an Infinite 
Surface which Is Abruptly Put  into Motion According  to 
Var ious  Calculat ion Methods 

Solution method 

Exact 0,637 
Rozin method with the Haxtree solution 0,5715 

Rozin method with the Watson solution 0,637 
Yang method - 0,641 
Struminskiimethod (generalization of the Pohlhausen method) [ 0,600 
Method of the present paper ] 0,637 

We note that this example  co r r e sponds  to the case  of l a rge  local acce le ra t ions  in the boundary layer ,  
so that the l a rge s t  e r r o r  comes  f rom those methods in which fami l ies  of s t eady- s t a t e  veloci ty  prof i les  
a r e  used to de t e rmine  the cha r ac t e r i s t i c  functions. 

In genera l ,  in the p rob lem of unsteady flow around a cyl inder ,  nonl inear  equation (23) should be 
solved,  s ince in this p rob l em  the dependence of the coeff ic ients  on the p a r a m e t e r s  in (22) turns out to be 
impor tan t .  A sa t i s f ac to ry  r e su l t  was  found in calculat ing the t ime of separa t ion  at  a cyl inder  abrupt ly  put 
into mot ion by expanding the c h a r a c t e r i s t i c  functions in s e r i e s  in t e r m s  of the p a r a m e t e r s  and then d i s -  
ca rd ing  the nonl inear  t e r m s .  This r e su l t  is  t s = 0.26 r / V 0 ;  the r e su l t  of the exact  solution is  t s = 0.32 
r / V 0 .  

x , y  
t 

U 
r 
~0 
H , V  

P 
p , v  
h 
z = h2/v;  
F ,  H, H*, H** 
6" 
6** 

Tw 

B 

fkn, g 
r 

N OTA T I  ON 

a r e  the longitudinal and t r a n s v e r s e  coord ina tes  in the boundary layer ;  
is  the t ime;  
is  the d imens ion less  t r a n s v e r s e  coordinate;  
is the veloci ty  at  the outer  boundary of the boundary layer ;  
is the s t r e a m  function; 
is the d imens ion less  s t r e a m  function; 
a r e  the pro jec t ions  of the veloci ty in the boundary l ayer  onto the x and y axes ,  r e s p e c -  
t ively;  
is  the liquid density;  
a r e  the dynamic and k inemat ic  v i scos i ty  coeff ic ients ,  respec t ive ly ;  
is the sca le  t r a n s v e r s e  coordinate  in the boundary layer ;  

a r e  the cha r ac t e r i s t i c  functions; 
is the d i sp lacemen t  length; 
is the m o m e n t u m - l o s s  length; 
is  the su r f ace - f r i c t i on  s t r e s s  
is  the reduced f r ic t ion coefficient;  
is the normal iza t ion  factor ;  
a r e  the d imens ion less  p a r a m e t e r s ;  
is the cyl inder  radius .  
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